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Introduction
The optical coupling of two or more semiconductor lasers and its effects on the output of such systems have been intensively studied for more than four decades both theoretically and experimentally. The coupling introduces a rich set of complex dynamical features in the system such as phase locking, instabilities, bifurcations and limit cycles [1] - [5] . From the technological point of view, systems of coupled semiconductor lasers offer capabilities for numerous integrated photonics applications [6] as transmitters in high-speed optical communications and optical interconnects, high-power laser sources, tunable photonic oscillators, controllable optical beam shaping and steering elements and ultrasensitive sensors [7] - [12] .
The underlying model of such structures is a system of coupled rate equations governing the time evolution of the electric fields amplitudes and phases as well as the carrier dynamics, with the carrierinduced nonlinearity playing a crucial role due to a non-zero linewidth enhancement factor describing an amplitude-phase coupling mechanism [13] . For most of the important technological applications, the existence of stable phase-locked modes is crucial for the coherent emission of optical power. In addition, the functionality of the system depends crucially on the capability of modulating its output by varying injection currents [14] - [18] . For single semiconductor lasers the upper limit for efficient modulation is restricted by its relaxation oscillation frequency that typically cannot exceed a few GHz [19] . An increased electrical pumping rate increases the relaxation oscillation frequency, where the resonance takes place, allowing for direct modulation even beyond 40 GHz [18] but cannot control the profile of the modulation response. In order to extend the modulation bandwidth, configurations utilizing laser coupling to passive resonators such as external cavities [20] , [21] or distributed Bragg reflectors [22] - [24] have been proposed. Other complex configurations based on optical injection schemes have also been considered for the control of the modulation response of the system [25]- [31] ; however, these configurations neccesitate the utilization of an optical isolator which is quite challenging for photonic integration [32] .
The simplest system of coupled semiconductor lasers, that can be used in integrated photonic circuits, consists of a pair of twin lasers with equal pumping. It is known that out-of-phase modulation of the two lasers can result in effective modulation beyond the relaxation oscillation frequency [33] - [35] . However, the fact that the stability of the modulated phase locked state is restricted in the parameter space of the system may render such results impractical for realistic applications [36] , [37] . In a recent work, we have uncovered the existence of a new symmetry-breaking phase-locked state, characterized by different electric field amplitudes and non-trivial phase difference in the two identical lasers, that is stable for a much larger region of the parameter space for the whole range of values of the optical coupling coefficient [38] , [39] , in comparison to the well-known symmetric states [2] .
In this paper, we explore the small signal modulation response of the system, when these stable phase-locked states of varying asymmetry are modulated [40] . We show that the extended stability along with the asymmetric character of these states, results in a frequency response with a rich set of qualitatively different features, including the asymmetry of the amplitude response of the two lasers, the existence of sharp resonances and anti-resonances as well as the capability of efficient stable modulation of the system at extremely high frequencies that are orders of magnitudes larger than its free running relaxation frequency.
Rate Equation Model and Symmetry-Breaking Phase Locking
The dynamics of an array of two indentical evanescently coupled semiconductor lasers is governed by the following coupled single-mode rate equations for the amplitude of the normalized electric fields X i , the phase difference θ between the fields and the normalized excess carrier density Z i of each semiconductor laser:Ẋ
Here α is the linewidth enhancement factor, is the normalized coupling constant, P 1,2 are the normalized excess pumping rates, T is the ratio of carrier to photon lifetimes, and the dot denotes the derivative with respect to time t which is normalized to the photon lifetime τ p [2] , [9] . In the following, we consider parameter values corresponding to recent experiments on coherently coupled phased photonic crystal vertical cavity lasers [41] as shown in Table 1 .
Under equal pumping (P 1 = P 2 = P 0 ), the phase-locked states of the system (1), are given by setting the time derivatives of the system equal to zero and their stability is determined by the eigenvalues of the Jacobian of the linearized system. The in-phase and out-of-phase phase-locked modes corresponding to X 1 = X 2 = √ P 0 , Z 1 = Z 2 = 0 and θ = 0, π are known to be stable for the strong ( > αP 0 /(1 + 2P 0 )) and the weak ( < (1 + 2P 0 )/2αT ) coupling regime, respectively [2] . A symmetry-breaking phase-locked state has been shown [38] , [39] to exist and to be stable for a large extent of coupling coefficient values, as illustrated in Fig. 1(a) , with nonunitary amplitude ratio ρ ≡ X 2 /X 1 and
The pumping rate for this asymmetric phase-locked state is fixed at the value
A characteristic reference frequency of the system of the coupled twin lasers is the free running relaxation frequency of a single laser which is pumped with a pumping value P 0 corresponding to the asymmetric phase-locked state (5) that is given by rel = 2P 0 /T . Since P 0 depends on the coupling coefficient ( ) and the asymmetry (ρ) of the repective phase-locked state [ Fig. 1(c) ], the corresponding free-running relaxation frequency varies as shown in Fig. 1 (b) for = 10 −3 , 10 −2 , 10 −1 , 10 −0.2 , with the variation with respect to ρ being more pronounced for the highly asymmetric states in the weak coupling regime. It is worth emphasizing that the symmetry-breaking phase-locked states are stable for a much larger range of values of the coupling coefficients in comparison to the in-phase and the out-ofphase phase-locked states. The instability of the latter, has been a long standing issue preventing the observation of the direct current modulation response in such systems [34] , [35] , [37] , [41] .
Linear Modulation Response
In the following we take advantage of the explicit knowledge of the stability domain in the parameter space as well as the additional freedom to modulate asymmetric phase-locked state in order to investigate interesting features of the modulation response of this system. The small signal (linear) modulation response to a time-varying current
is calculated by linearizing the system around a stable phase-locked state, with s = ±1 corresponding to cases of in-phase and out-of-phase modulation. For such an infinitesimal current modulation, corresponding to the linear modulation response, it is sufficient to consider these extreme cases, since intermediate cases can be obtained as their linear combinations and do not present qualitatively different features. Moreover, even for finite modulation, where the nonlinear response is considered, no qualitatively different features exist for intermediate modulated phase that do not exist in the extreme cases [34] , [35] . By defining X ≡ (X 1 , X 2 , θ, Z 1 , Z 2 ) and writting X = X 0 + δX where X 0 denotes the phase-locked state and δX being the small signal response of the system, the frequency response is obtained as
with A = (0, 0, 0, 1/T, s/T ) and H(ω) = (i ωI − J) −1 being the transfer matrix of the linear system and J its Jacobian. Therefore, the electric field amplitude response is given by
Depending on the asymmetry of the modulated phase-locked state and the value of the coupling coefficient, the linear modulation response of the system has a rich set of qualitative different features including asymmetric frequency response of the two lasers, resonances and anti-resonances between the two lasers as well as singificant modulation response at frequencies far beyond the free running relaxation frequency.
Strong Coupling
In the strong coupling regime, the stable phase-locked states are slightly asymmetric (ρ close to unity) in comparison to the weak coupling regime and the respective free running relaxation frequencies are at the order of GHz as shown in Fig. 1 . In such cases, the in-phase modulation response has a peak close to the free running relaxation frequency which is smaller than 1 GHz, for a coupling coefficient = 10 −1 (as shown in Fig. 1(b) ). For the out-of-phase modulation, a sharp peak appears at a frequency that is several times larger than the free running relaxation frequency and its maximum depends weakly on the asymmetry (ρ) of the modulated phase-locked state; moreover the modulation response is flattened between the two peaks, as shown in Fig. 2 .
For even larger values of the coupling coefficient, such as = 10 −0.2 and out-of-phase modulation we have the same qualitative features, but with a resonant peak appearing at a frequency beyond 100 GHz, which is more than 50 times larger than the free running relaxation frequency [40] , as shown in Fig. 3 . As the stable phase-locked states for strong coupling are weakly asymmetric, with ρ close to unity, the high-frequency peaks of the out-of-phase modulation response appear at frequencies that are close to the analytically known frequencies [34] , [35] . It is worth noticing the absence of a resonant peak at the free running relaxation frequency at the modulation response of symmetric phase-locked states (ρ = 1). Apart from the aforementioned high-frequency peaks and the low-frequency peaks appearing at the free-running relaxation frequencies, the modulation response is peaked at the zero frequency. As a result, the modulation response drops sharply and rolls-off close to DC before being enhanced by the high-frequnecy resonance, in contrast to single laser modulation response that is typically flat or rising from the DC to the resonance [6] , [13] . This effect, that is also typical for strong optical injection configurations [28] , [29] , can be restrictive for some high-bandwidth requiring applications and can be mitigated by the utilization of appropriate design parameter values [30] or frequency modulation [6] .
Weak Coupling
In the weak coupling regime, the stable phase-locked states can be highly asymmetric, with ρ significantly different from unity, as shown in Fig. 1(a) with their free running relaxation frequencies being at the order of 0.1 GHz and depending on ρ, as illustrated in Fig. 1(b) . The amplitude modulation response of the two coupled lasers for a coupling coefficient = 10 −3 is shown in Fig. 4 and 5 for the case of out-of-phase and in-phase modulation, respectively. In both cases a smooth peak appears at the free running relaxation frequency for ρ < 1 and sharp peaks appear at a higher frequency for strongly asymmetric phase-locked modes. These modes are close to the stability boundary ( Fig. 1(a) ) where a Hopf bifurcation takes place [38] . For the case of inphase modulation, an interesting antiresonance phenomenon is manifested as a sharp dip in the modulation response of the first laser, as shown in Fig. 5(a) . The antiresonance is a result of the destructive resonant coupling of spectral components of the system due to the non-trivial phase difference between the electric fields of the two lasers for the case where a highly asymmetric phaselocked mode is modulated. Therefore, it appears at frequencies close to the resonant frequencies and it has a significant amplitude for small values of ρ close to the Hopf bifurcation point. The term anti-resonance has been used in multiple physical systems spanning the literature of cavity QED [42] , metamaterials [43] and vibration testing [44] . Uncharacteristically, it has never called explicitly on the photonics literature of small signal modulation of semiconductor lasers. Still a careful review of recent work [45] and legacy literature [46] shows that it was evident in multiple experimental and theoretical graphs [47] .
Conclunding Remarks
In conclusion, we have considered the small signal modulation response of the simplest coupled semiconductor laser configuration consisted of a pair of twin, equally pumped lasers. The existence of symmetry-breaking modes having extended stability domains in the parameter space of the system allows for the overcoming of the restrictions in specific value ranges of the coupling coefficients when the modulation of symmetric modes is considered. Moreover, the asymmetry has been shown capable of allowing for a rich set of interesting characteristics of the modulation response such as sharp resonances and anti-resonances as well as efficient modulation at very high frequencies that are larger by orders of magnitude than the free running relaxation frequency of the system. It is worth emphasizing that these qualitative characteristics reveal the inherent features of a symmetric system under symmetry-breaking. Taking advantage of additional freedom in the system design by considering unequally pumped and/or detuned pairs of coupled semiconductor lasers, we can further tailor the modulation response profile by tuning the resonances and anti-resonances at will, as well as flattening the response and increasing the bandwidth, according to characteristics desirable for specific applications. Finally, it is expected that the consideration of realistic gain saturation effects can extend the stability domain of strongly asymmetric phase-locked states in the parameter space of the system facilitating their stable modulation.
